Electron-phonon (e-p) interaction and transport are important for laser-matter interactions, hot-electron relaxation, and metal-nonmetal interfacial thermal transport. A widely used approach is the two-temperature model (TTM), where e-p coupling is treated with a gray approach with a lumped coupling factor G ep and the assumption that all phonons are in local thermal equilibrium. However, in many applications, different phonon branches can be driven into strong nonequilibrium due to selective e-p coupling, and a TTM analysis can lead to misleading or wrong results. Here, we extend the original TTM into a general multitemperature model (MTM), by using phonon branch-resolved e-p coupling factors and assigning a separate temperature for each phonon branch. The steady-state thermal transport and transient hot electron relaxation processes in constant and pulse laser-irradiated single-layer graphene (SLG) are investigated using our MTM respectively. Results show that different phonon branches are in strong nonequilibrium, with the largest temperature rise being more than six times larger than the smallest one. A comparison with TTM reveals that under steady state, MTM predicts 50% and 80% higher temperature rises for electrons and phonons respectively, due to the "hot phonon bottleneck" effect. Further analysis shows that MTM will increase the predicted thermal conductivity of SLG by 67% and its hot electron relaxation time by 60 times. We expect that our MTM will prove advantageous over TTM and gain use among experimentalists and engineers to predict or explain a wide ranges of processes involving laser-matter interactions.
I. INTRODUCTION
Electron-phonon (e-p) coupling is an important physical phenomenon that affects Joule heating, laser-matter interaction, and hot electron relaxation [1] [2] [3] [4] [5] [6] [7] [8] . A thorough understanding of e-p coupling is crucial for researching material properties as well as advancing the electronic device technology. The two-temperature model (TTM) has been widely used for analysis [9] , where electrons and phonons are described as two subsystems with their own temperatures and interact through a coupling factor G ep . Despite the fact that all materials have multiple phonon branches which are different from each other, a simple assumption that all phonons are in thermal equilibrium with a common temperature T p is used in TTM. It has been combined with multiple methods such as molecular dynamics simulations and proved to be successful in predicting the thermal transport in bulk metal and metaldielectric interfaces [10] [11] [12] [13] .
However, recently it has been shown that in certain applications, such as laser heating of semiconductors and metals, phonon branches can be driven into strong nonequilibrium by selective e-p coupling, and an equilibrium picture can result in misleading or wrong interpretations [5] . For example, single-layer graphene (SLG) has drawn intensive attention among researchers as a result of its unique chemical and physical structures [14] [15] [16] [17] [18] . Theoretical calculations and experi-* ruan@purdue.edu ments such as Raman measurements have been used widely to predict and measure its thermal conductivity [19] [20] [21] [22] [23] [24] [25] [26] , but the reported values range from 600 to as high as 5800 W/mK [27] [28] [29] [30] [31] . Similar with most metals, TTM was used to interpret the experimental measurement and derive k [32] . However, it has been pointed out recently that this method is not accurate since different phonon branches have different coupling strength with the electrons, and their temperatures significantly deviate from each other [5] . As a result, assuming phonon local thermal equilibrium can subsequently underpredict SLG's thermal conductivity by more than 50%. It should be noted that several other mechanisms, such as imperfect experimental conditions and higher order phonon scattering, may also contribute to the uncertainty of graphene thermal conductivity [33] [34] [35] [36] . Several other studies on hot electron relaxation in metals or semiconductors also show that the different phonon modes are in nonequilibrium, which can significantly affect the electron cooling rates [37] [38] [39] . We can note that the steady-state phonon nonequilibrium within the cooling length region reported in Refs. [5, 40] and the transient state phonon nonequilibrium during the phonon relaxation time in Refs. [38, 39] are equivalent and due to the same physical origin: modal selective e-p and phonon-phonon (p-p) scattering.
Theoretical methods are needed to capture such modal phonon nonequilibrium. Modal and spatial Boltzmann transport equation (BTE) [41] [42] [43] and molecular dynamics combined with modal analysis [44, 45] are rigorous and accurate methods, but they are quite complicated and this hinders their access by experimentalists. Alternatively, a simple multitemperature model (MTM) has been developed which is essentially an extension of TTM that can resolve the temperatures of different phonon branches [5, 38] . Subsequently, a detailed proof of such extension was given in Ref. [45] where the relaxation time approximation (RTA) was necessary, suggesting that MTM is rigorously valid when the separated phonon groups couple weakly. For phonon groups that couple strongly, a more rigorous way is to directly treat the scattering. However, the computation cost is high, and we believe in practice we can still use MTM by letting the phonon groups interact with a common thermal reservoir under RTA. This practice has been widely used in the spectral BTE community and the original TTM [9, 43, 46, 47] . Nevertheless, the current MTM models are either still in rather complex forms which hinder easy implementation or only presented in the steady state. Therefore, a simple and explicit approach that can capture the nonequilibrium nature among electrons and phonons is needed to accurately interpret experimental results as well as predicting electronic device performance.
In this study, we will present a general and simple phonon branch-resolved multitemperature numerical simulation approach which can capture the nonequilibrium process between electrons and different phonon branches under both steady and transient states. The original TTM is extended to MTM with e-p coupling strength for each phonon branch. A lattice reservoir which all phonon branches scatter with is defined and the RTA is used. Based on our method, case studies of the steady-state heat transfer and transient hot electron relaxation processes in laser-irradiated SLG are presented respectively. The branch-resolved temperature profiles are shown and the degree of nonequilibrium is discussed. Finally, a comparison with the original TTM is made to show the advantage of MTM.
II. MULTITEMPERATURE MODEL WITH ELECTRON-PHONON COUPLING
The steady-state MTM with e-p coupling has been introduced in our previous work in terms of the e-p cooling power [5] . In this work, we recast it into a more general and convenient form using the e-p coupling factor and extend the original equations to account for the transient heat transfer process as well. The original transient TTM governing equation is
Equation (1) describes the two channel-coupled energy transfer process in metals, where their interaction is determined by the coupling factor G ep and their temperature difference. Here e and p refer to electron and phonon respectively. T is the temperature while t is time. k and C refer to the thermal conductivity and volumetric heat capacity of the energy carriers respectively. It can be seen that all the phonons are assumed to be in local thermal equilibrium and assigned to a common temperature T p . We extend Eq. (1) to account for the phonon branch-resolved temperature and e-p coupling:
where i is the index of phonon branches. Compared with Eq. (1), the e-p coupling term is modified to a branch-resolved form and a p-p coupling term is added for each phonon branch. Here i is the index for phonon branches, and G ep,i is the coupling factor between electrons and phonon branch i. The summation of G ep,i over all the phonon branches will lead to the e-p coupling factor G ep in TTM:
The p-p scattering is represented by the coupling between each phonon branch and the "scattering lattice reservoir" which is represented by an averaged T lat . It is an analogy of the e-p coupling using RTA based on the assumption that the p-p scattering has negligible effect on phonon distribution and phase space. G pp,i is the p-p coupling factor between phonon branch i and the scattering lattice reservoir, which is calculated using RTA from the following equation [46] [47] [48] [49] ,
where τ i is the relaxation time of phonon branch i and the scattering lattice reservoir's temperature T lat is defined to ensure the energy transfer among phonon branches is conserved:
Then, by solving Eq. (2) numerically, we can obtain the transient and steady-state temperature profiles of the system with resolved electron and phonon branch temperatures. It can be seen that our MTM in Eq. (2) is essentially a spectral treatment of e-p coupling rather than the gray treatment in TTM in Eq. (1). Compared with our previous steady-state MTM [5] , in this work we not only extend it to make the transient-state simulation possible but also use the spectral G ep instead of e-p cooling power to describe the phonon branch-resolved coupling strength, which makes our model more general and easier to use.
III. CASE STUDY: THERMAL TRANSPORT IN LASER-IRRADIATED SINGLE-LAYER GRAPHENE
In this section, we will present a case study of the thermal transport process in laser-irradiated SLG. Equation (2) is simplified to its 2D form accordingly.
A. Simulation domain and input parameters
We will use the same input parameter as in Ref. [5] . All of the thermal properties, i.e., the thermal conductivity k, the heat capacity C, the e-p coupling factor G ep , and the p-p coupling factor G pp,i are temperature dependent. Here we report their room-temperature (297 K) values, which are listed in Table I . The details to obtain these values are introduced in Ref. [5] and its supplementary materials. The fact that all the G pp,i 's are on the same order with the overall G ep suggests that our previous analogy between e-p and p-p coupling in Eq. (2) is reasonable. The electrons have a heat capacity C e of 3.6×10 2 J/m 3 K and a thermal conductivity k e of 50 W/mK. Our result is higher than the common experimentally measured k e which is within 10 W/mK, and we attribute this discrepancy to the absence of defects in SLG in our density functional theory calculations. The simulation is conducted on a 10×10 μm SLG, with all four boundaries fixed at 297 K. The system is illustrated in Fig. 1 . Initially the entire domain is at a uniform temperature of 297 K, when laser starts to shine at the center of the SLG sample. The expression of the laser spot is as follows:
where r (unit: m) is the distance from the center of the sample. The laser energy follows the Gaussian distribution with a laser source of 0.1 mW and a spot radius of 0.5 μm. The electrons are heated up by the laser, which subsequently heat up the phonons. Two cases are investigated on the same system. The first case represents the laser heating process during the Raman experiment where the laser irradiation is constant after the simulation starts. The simulation runs for 50 ns to ensure all temperatures are converged at the steady state. The second case represents a pulse laser heating process which is common in the time-domain thermoreflectance experiments and modern electronics such as the heat-assisted magnetic recording (HAMR) devices [50] [51] [52] [53] . A single laser pulse is implemented at the beginning of the simulation with a pulse width of 50 fs, where the laser power is tuned to 100 times larger than the constant irradiation case. Results of the simulations are shown in the next section. The temperature profile of the center of the SLG for the first 400 ps after the laser is on is shown in Fig. 2(a) . Initially the longitudinal optical (LO) and transverse optical (TO) phonons have quicker response to the heating from electrons, while the other phonon branches receive energy much more slowly due to their weak coupling to electrons. The steady-state temperature profile in MTM on SLG, as is shown in Fig. 2(b) , is consistent with that reported in our previous work, as expected [5] . In MTM, electrons can reach a temperature of 365 K while the temperature of the scattering lattice reservoir is around 325 K. Electrons and different phonon branches are in significant nonequilibrium. The largest temperature rise on TO phonons is 50 K, which is more than six times larger than the smallest temperature rise of 8 K on out-of-plane acoustic (ZA) phonons, and the cooling radius, which is defined as the distance from the center of the SLG to the position where electrons and phonons reach equilibrium, is 1.5 μm or three times the radius of the laser spot. As expected from the thermal properties in Table I , the LO and TO phonons have higher temperatures. This is because their large G ep 's make them gain energy from electrons efficiently in the center, and their low k also prevents heat from dissipating fast to the boundaries. The ZA branch, on the other hand, is an opposite of these two branches. It cannot receive energy from electrons directly, it only gets heated by the scattering lattice reservoir with a weak coupling factor, and its exceptionally high k helps heat dissipate fast to the boundaries, resulting in a relatively flat temperature profile which stays near the boundary temperature. The longitudinal acoustic (LA), transverse acoustic (TA), and out-of-plane optical (ZO) phonons stay in between as a result of their intermediate thermal properties. It is noteworthy that T lat here is the temperature of the scattering lattice reservoir, which is averaged by G pp over all six phonon branches and does not necessarily represent the apparent lattice temperature that can be observed in experiment. A more detailed discussion will be presented in a later section.
Case B: Pulse laser heating
The transient temperature profile of the center of the SLG is shown in Fig. 3(a) . During the first 50 fs of the simulation, electrons are heated to a maximum temperature of about 778 K and start to cool sharply after the laser pulse diminishes. The LO and TO phonons undergo similar processes. The other phonon branches, however, still get heated up for a while, as is more clearly shown in Fig. 3(b) . Interestingly, electrons become cooler than the TO phonons soon after the laser pulse diminishes. This is because k e is much higher than k LO while C e is much smaller than C LO , or the ratio of k/C is much larger for electrons. As a result, electrons dissipate heat more quickly, which leads to an even larger temperature drop, and their temperature profile crosses that of the TO phonons. Similar processes also happen for LA, TA, LO, and ZO phonons, with an exception for the ZA phonons, which have exceptional high thermal conductivity but have no coupling with the electrons. The energy received by ZA phonons from other phonons is dissipated fast to the boundaries and they always stay as the branch with the lowest temperature. Although the temperature difference between different phonon branches and the electrons is smaller than 0.4 K after 120 ps, they are still not in complete equilibrium.
IV. DISCUSSIONS
A. The apparent lattice temperature and degree of nonequilibrium
In the previous section, we have used the scattering lattice reservoir temperature T lat to represent the average phonon temperature. However, questions arise as to whether T lat is the apparent lattice temperature T p that can be probed in experiments. We argue that the apparent lattice temperature T p should represent the overall internal energy of the lattice, and hence it should be defined as
A plot of the apparent lattice temperature T p and scattering lattice reservoir temperature T lat is shown in Fig. 4 . We can see their deviation is significant inside the laser spot and gradually diminishes as the location approaches the boundaries. This can be explained by the degree of nonequilibrium between different phonon branches. From Eqs. (5) and (7), we can see that T p is more dominated by the acoustic phonons, especially the ZA phonons, because of its large heat capacity, while T lat is more dependent on the branches with higher p-p coupling factor G pp , e.g., the TA phonons. When the phonon branches have great nonequilibrium among each other, e.g., inside the laser spot, the two temperatures deviate from each other. They quickly converge outside the laser spot where the phonon nonequilibrium decreases. Then we plot the normalized deviation of all the six phonon branches, which is defined by
where T 0 is the boundary temperature of 297 K. The plot is shown in Fig. 5 . The LO, TO, and ZA phonons have the largest deviations, and this is primarily due to their largest and smallest e-p coupling strengths, respectively, as discussed in the previous section. Here we want to propose a simple approximation to estimate their degree of nonequilibrium. As 0.56 2.6 0 k/G ep ∞ discussed previously, a stronger e-p coupling strength will make the phonon's temperature closer to the electron's, while a larger thermal conductivity will make its temperature profile flatter. For those branches with a higher temperature than T p , a larger G ep and smaller k will drag its temperature closer to T e , thus contributing to its deviation from T p . Therefore, a term G ep /k can be used to determine its degree of nonequilibrium; as this value increases, the more nonequilibrium there will be. Similarly, for those that have lower temperatures than the lattice, the previous term's inverse k/G ep can be used. As this value increases, the more deviation there will be. We tabulate the values of these two terms for each phonon branch of SLG in Table II . It should be noted that a zero value does not necessarily mean the absence of nonequilibrium. The G pp term, on the other hand, will always try to reduce the nonequilibrium.
From the results above, we can gain some insights on how to quickly estimate the degrees of nonequilibrium and assess their significance. For example, during the Raman experiment on SLG, before start one can use the thermal properties of SLG to estimate the degree of nonequilibrium of each phonon branch. The analysis above can provide insights on how accurate the measurement is. Further study can also be oriented since our MTM is not limited only to graphene but can be extended to other materials of higher dimension as well. By performing similar calculations and analysis on other materials, it is also possible to build up a relationship between the G ep /k term and the measured k's error, which can then be used as a simple way to assess experiment accuracy.
B. A comparison with the original two-temperature model
Now with the apparent lattice temperature defined, we present a comparison between our MTM and the conventional TTM. The TTM calculation is conducted on the same system with the same initial and boundary conditions. The thermal properties of the SLG, i.e., k, C, and G ep , are acquired simply by summing up the values used in MTM over all the phonon branches. The heating and steady-state TTM temperature profiles of the system are shown in Fig. 6 along with some representative temperatures from MTM. It can be seen from the figure that MTM and TTM have completely different results. In TTM, the steady-state electron temperature in the center is 340 K while that of phonons is 308 K. The two temperatures quickly get into equilibrium with a cooling radius of approximately 1 μm, or two times the radius of the laser spot. The electron and apparent lattice temperatures in MTM are higher than those in TTM by 50% and 80%, respectively. In addition, in MTM the temperatures of certain phonon branches are significantly higher than the apparent lattice temperature. Interestingly, the TO phonons' temperature in MTM is even higher than the electron temperature in TTM. Due to their strong e-p coupling, the TO phonons get heated up quickly to a high temperature in MTM. This becomes the so-called hot phonon bottleneck, which in return prevents the electron from cooling and results in a higher electron temperature. Another interesting finding is that the lattice temperature in TTM is very close to the ZA phonons in MTM. This is because in TTM all the phonon branches collapse into one single phonon branch with the combined G ep and k. As a result, the lattice quickly dissipates heat to the boundaries with its large k and stays at a low temperature close to the boundary. The electron temperature is also dragged down, which is even cooler than the TO phonons in MTM. As expected, in TTM the system converges faster to steady state due to the absence of the hot phonon bottleneck.
The large difference between MTM and TTM has important and wide range of implications for processes involving laser-matter interactions. We can regard the MTM temperatures as the "real" temperatures in the experiment. Therefore, in order to increase the temperatures in TTM to match those in MTM, one has to use a smaller k in TTM. Based on Fourier's law of conduction, k 2 T + S laser = 0, the fitted apparent k will be around 1700 W/mK, less than 60% of the value used in the simulation. Therefore, it is necessary to use MTM instead of TTM for an accurate prediction. In other words, the laser heating leads to an apparent thermal conductivity lower than the intrinsic value as a result of the local thermal nonequilibrium. It also has important implications to thermal 134309-6 management of electronic devices. Our MTM shows that certain phonon temperatures can be much higher than the apparent lattice temperature. These hot phonons can displace the lattice along their eigenvectors and result in "nonthermal damage" of the device even though the apparent temperature is still lower than the damage threshold [54, 55] . Therefore, MTM is advantageous over TTM for thermal design to better prevent such nonthermal device failures.
We also perform the pulse laser heating simulation using TTM. The transient temperature profile is shown in Fig. 7 . Unlike the constant irradiation case, the maximum temperatures of electrons and phonons are almost identical in both models. T e,TTM has a maximum value of 775 K at 50 fs. The temperature profiles of T p and T p,TTM differ by about 30%, but the absolute value is trivial because the lattice heat capacity is much larger than its electronic counterpart and the temperature rise is small. This indicates that using a simple TTM will not affect the prediction of the lattice temperature too much. However, the hot electron relaxation processes are completely different, as is more clearly shown in Fig. 7(b) . In TTM, T e,TTM drops to below 298 K within 0.5 ps, while this only happens to T e,MTM after more than 30 ps due to the hot optical phonons. Therefore, TTM overpredicts the electron relaxation rate by more than 60 times. Slow electron relaxation is beneficial for solar cells where electron cooling should be minimized for efficiency enhancement [56, 57] , and hence our MTM will be a much more accurate design tool than TTM.
V. SUMMARY
We have developed a multitemperature simulation approach which can present phonon branch-resolved temperature profile and capture the nonequilibrium thermal transport process. Using temperature-dependent and phonon branchresolved thermal properties as inputs, we obtained the transient and steady-state temperature profiles of the thermal transport in laser-irradiated SLG. Results show that the phonon branches are in strong nonequilibrium because of their different e-p coupling strengths. The largest temperature rise occurred for the TO phonons is more than six times larger than the smallest of the ZA phonons. The thermal transport is dominated by different material properties during constant and pulse laser heating processes. Then we discuss and define the apparent lattice temperature in MTM and make a comparative study with the original TTM. It is found that TTM predicts a temperature profile significantly lower than MTM, and a simple assumption that ignores the thermal nonequilibrium between phonons can underpredict the thermal conductivity by more than 40%, while overpredicting the hot electron relaxation rate by more than 60 times. We also find that the term G ep /k can be used to estimate the degree of nonequilibrium of phonon branches during a steady-state conduction. We anticipate that our model and results will be useful for experimentalists and engineers in prediction and interpretation of a wide range of processes involving laser-matter interactions. Our model can also be extended to apply to other materials of higher dimensions and eventually become a generalized methodology.
